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Abstract

In this article, we show that the vector calculus identities are powerful tool in both rederiving the
existing physical laws, such as Maxwell equations, and discovering new physical laws. First, we show
that the following physical laws can be rederived from the vector calculus identities: (1) Poynting's
Theorem; (2) Gauss's Law for Magnetism; (3) Charge density Continuity equation; (4) Wave equation
of potential A, electric field E, and magnetic field B; (5) Faraday's Law of Induction, (6) energy density
of the magnetic field; (7) time change of energy density of the electric field; (8) time change of energy
density of the magsnetic field. To rederive the above physical laws (1) to (8) shows the validation and
power of the vector calculus identities in discovering physical laws. Then, applying the vector calculus
identities, we derive NEW physical field equations: (1) for electric charges moving with either uniform
velocity v, or constant acceleration a, or continuous spin S; (2) for gravitational charges (mass) moving
with either uniform velocity v, or constant acceleration a, or continuous spin S. Electromagnetics and
gravitoelectromagnetics are derived from the vector calculus identities and have the same form, and

thus can be unified. The new physical field equations need to be tested experimentally.

Introduction

Historically, some of the physical laws
were discovered based on experimental
data, Experiment — physics law. In this
article, we show a different approaching:
starting with mathematical identities, then
substituting the parameters of physical fields
into the mathematical identities to obtain the
physical laws, the so-derived laws need to be
tested by experiments:

Mathematical equations — physics laws — Experimental testing

In this article, we start with the vector
calculus identities which are a branch of
mathematics concerned with differentiation
of vector fields (gradient, divergence, curl,
and combination of above) [1]. We show
that vector calculus identities can be used to
analyze how physical fields, such as electric
fields, magnetic fields, and gravitation fields
change in magnitude and direction across
space. By substituting the parameters of
physical fields into vector calculus identities,
we derive the new physical field equations
to describe physical fields, such as electric
field, magnetic field, and gravity. Some of
so-derived physical field equations can be
confirmed by existing experiments. New
physical field equations need to be confirmed
experimentally.

The purpose of this article is to derive new
physical laws due to the source moving with
different motion status. The magnetic field B
is created by current density j = pv, where the
velocity v in vacuum is treated as a constant.
By analogy, we list three moving statuses of
charges.

Moving statuses of source | Current Density
Stationary j=0
Uniform velocity: v joxv
Constant acceleration: a jo XA
Constant spin: S joXS

Note: For the purpose of deriving field
equation, we treat the Spin as one of motion
status.

Since the velocity of electric charge creates
a magnetic field, we propose the following:

1. The acceleration a of electric charge
creates magnetic-type fields;

2. The Spin S of electric charge creates
magnetic-type fields;

3. The velocity v of gravitational charge
creates gravitomagnetic fields;

4. Theacceleration a of gravitational charges
creates gravitomagnetic-type fields;

5. The Spin S of gravitational charge creates
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gravitomagnetic-type fields.

In Section 2, we list the vector calculus identities used in
the article.

In Section 3, we apply vector calculus identities to
electromagnetics, (1) rederive the Poynting's theorem, and
derive new physical laws; (2) derive new extended electric
field equations and magnetic field equations due to the velocity,
due to the acceleration, and due to the Spin, respectively.

In Section 4, following the same approach of Section 3, we
utilize the concept of the gravitoelectromagnetic field, then
apply vector calculus identities to gravitoelectromagnetic
fields, and derive new field equation for them.

Vector Calculus Identities

In Section 2, we list 11 vector calculus identities. Then in
Section 3 to Section 6, we utilized them to derive existing and
new field equations.

(1). Divergence of cross product of two vector fields: YxZ

V-(YXZ)=(VXY)'Z-Y:(VXZ) (1)
(2) Curl of cross product of two vector fields: YxZ
VX(YXZ)=Y(V-Z)-Z(V-Y)+(Z-V)Y-(Y-V)Z 2)
(3) Divergence of Curl of vector field: VXY

V-(VxY)=0 3)
(4). Curl of curl of vector field: Y

VX (VXY)=V(VY)-V*2Y 4)
(5) Divergence of Gradient of scalar field: ¢

V-(Vo)=V"2 ¢ (%)

(6) Curl of Gradient of scalar field: ¢

VX (Ve)=0 (6)

(7). Divergence of product of scalar field and vector field:
oY

V-(@V)=(VY)+Y-(Vp) (7)
(8). Curl of product of scalar field and vector field: oY

VX (@Y)=@(VXY)+(Ve) XY ®)
(9) Gradient of dot product of two vector fields: (Y-Z).
VY-Z)=(Y'V)Z+(Z-V)Y+YX(VXZ)+ZX (VXY) 9)
(10) Cross Product: (YXV)-Z

(YXV)-Z=Y-(VXZ) (10)
(11) Cross Product: (YXV)XZ
(YXV)XZ=YX(VXZ)+(Y-V)Z-Y(V-Z) (11)

Mathematically Deriving Classical Electromagnetics
and Novel Electromagnetics
Classical Electromagnetics

Aln Section 3, let Y and Z represent either electric field E,
or magnetic field B, or vector potential A, respectively, and
¢ is scalar potential in Equations (5) to Equation (8). Then
substituting E, B, A, and ¢ into vector calculus identities, we
obtain the field equations, respectively.

Divergence of cross product of vector fields: V-(ExXB),
V-(AXB), And V-(AXE)

V-(YXZ)=(VXY)Z-Y-(VXZ) (1)
Poynting's Theorem: V-(EXB)

Substituting Y = E and Z = B, Equation (1) gives Poynting's
Theorem:
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V-(ExB)=(VXE)-B-E-(VxB) =-1/2 0(E*+B?) /0t-Ej 3.1
Where VXB=j+(dE/dt) and VXE=-(0B/dt) are used. The
term ExB is the Poynting vector representing the energy flux
(power per unit area) of the electromagnetic field. The term,
O(E*+B?)/0t, is the rate of change of the stored electromagnetic
energy density. The term E-J represents the rate at which the
electromagnetic field does work on the charge carriers, and
J=pv.
New field equation: V-(AXB) And V-(AXE)

For completeness, let consider vector potential A as well. We
obtain new field equations.

Substituting (Y =A, Z=B) and (Y = A, Z =E), respectively,
Equation (1) gives NEW field equation:
V-(AxB)=(VxA)-B-A:(VxB) =B-B-A‘j-A-(0E/dt). (3.2)

V-(AXE)=(VxA)-E-A-(VXE)=E-B+ A:(0B/0t). (3.3)
Equation (3.2) represent the energy of magnetic field.

Curl of cross product of two vector fields: VX(EXB),
VX (AXB), and VX(AXE)

VX(YXZ)=Y(V-Z)-Z(V-Y)+(Z-V)Y-(Y-V)Z (2)

Substituting (Y=E,Z=B),(Y=A,Z=B),and(Y=A,Z=
E), respectively, Equation (2) gives

NEW field equations:

Vx(ExB)=E(V-B)-B(V-E)+(B-V)E-(E-V)B

=-pB+(B-V)E-(E'V)B (3.4)

Vx(AXB)=A(V-B)-B(V-A)+(B-V)A-(A-V)B
=-B(V-A)+(B-V)A-(A-V)B (3.5)

Vx(AXE)=A(V-E)-E(V-A)+(E-V)A-(A-V)E
=pA-E(V-A)+(E-V)A-(A-V)E . (3.6)
Where V-E=p.
Divergence of Curl of vector field: V-(VxA), V-(VXE), and
V-(VXB)
V-(VxY)=0 3)
Gauss's Law for Magnetism (1): V-(VXA)
Substituting Y = A and the definition of the magnetic field,
B=VXxA, Equation (3) gives Gauss's Law for Magnetism:
V-(VxA)=V-B=0 3.7)
Equation (3.7) mathematically indicates no magnetic
monopoles.
Gauss's Law for Magnetism (2): V-(VXE)
Substituting Y = E, Equation (3) gives:
V-(VXE)=0 (3.8)
Substituting the Faraday's Law of Induction into Equation
(3.8), we obtain:
V-(VXE)=-V-(0B/dt)=-0/0t (V-B)=0. (3.9a)
Equation (3.9a) has two solutions:
(1). The magnetic field B is a constant field:

0B/ot=0. (3.9b)
(2). Gauss's Law for Magnetism
V-B(t)=0. (3.9¢)

Equation (3.9a) is valid for both situations:
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(1) constant magnetic field, Equation (3.9b); and

(2) time-varying magnetic field Equation (3.9c¢).
Charge density Continuity equation: V-(VXB)

Substituting Y = B, Equation (3) gives:

V-(VxB)=0 (3.10)

Substituting the Ampere-Maxwell equation into Equation
(3.10), we obtain Charge density Continuity equation,

V-(VxB)=V-j+V-0E/0t=V-j+0 /0t p=0 (3.11)
Curl of curl of vector field: wave equation: VX(VXA),
VX (VXE), And VX (VxB)

Vx(VxY)=V(V'Y)-V*Y 4)
Wave equation of vector potential A: VX(VXA)

Substituting Y = A, Equation (4) gives:

VX (VXA)=VxB=j+0d/0tE

and

V(V-A)-V> A=-0/0t (Vg)-V* A=0/0t E4+0%/(0t* ) A-V* A
(3.12b)

Combining Equation (3.12a) and Equation (3.12b), we
obtain wave equation of vector potential A:

0?/(0t*) A-V? A=j (3.12¢)

Where the definition of E field is applied: E=-V¢-d/0t A.
Wave equation of electric field E: VX (VXE)

Substituting Y = E, Equation (4) gives

(3.12a)

VX (VXE)=-Vxd/dt B=-0/0tj-0?/(0t?) E (3.13a)
And
V(V-E)-V?E = Vp-V2 E (3.13b)

Combining Equation (3.13a) and Equation (3.13b), we
obtain wave equation of electric field E,

0?/(0t*) E-V?E=-0/0tj-Vp (3.13¢)
Wave equation of magnetic field B: VX (VxB)

Substituting Y = B, Equation (4) gives

Vx(VxB)=Vxj+Vxd/0t E=Vxj-0%/(0t*) B (3.14a)

And

V(V-B)-V?*B=-V*B (3.14b)

Combining Equation (3.14a) and Equation (3.14b), we
obtain wave equation of B,

0?/(0t*) B-V2 B=VX;j (3.14¢)
Divergence of Gradient of scalar field: wave equation of
scalar potential ¢: V-(Vp)

V-(Vo)=V? ¢ (%)

Substituting the definition of electric field, E=-V-d/dt A
into Equation (5). We obtain wave equation of potential ¢:

V-(Vo)=V-(-E-0/0t A)=-p+0?/(0t?) ¢ (3.152)
i.€.,
d9%/(0t?) @-V? @ = p. (3.15b)

Curl of Gradient of scalar field: Faraday's Law of
Induction: VX (V)

Vx(Ve)=0 (6)

Substituting the definition of the electric field, E=-Ve-
0A/0t, into Equation (6).

We obtain Faraday's Law of Induction:

VX (Vp)=Vx (-E-0A/0t)=-VXE-0B/dt=0. (3.16a)
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ie.,
VxXE=-0B/dt. (3.16b)

Divergence of product of scalar potential ¢ with vector
potential A, electric field E, magnetic field B:

V-(@Y)=(VY)+Y-(Vep) (7)
Substituting Y = A, Y = E, and Y = B into Equation (7),
respectively, we obtain NEW field equations:

V-(@A)=¢(V-A)+A- (Vo) (3.17)
V-(@E)=@(V-E)+E-(Vp)=pe+E- (Vo) (3.18)
V-(¢B)=¢(V'B)+B-(Vo)=B:(Vy) (3.19)

Curl of product of scalar potential ¢ and vector field:
VX (pA), VX(@E), And VX (¢pB)
Vx(@Y)=¢p(VXY)+(Vo)XY. ®)
Substituting Y = A, Y = E, and Y = B into Equation (8),
respectively, we obtain NEW field equations:
VX (pA)=@(VxA)+(Ve)xA=pB+(Vp)xA (3.20)
VX (@E)=@(VXE)+(V@)XE=-pdB/ot+(V@)XE (3.21)
VX (@B)=@(VXB)+(Vp)xXB=jp+@IiE/ot+(V@)XB (3.22)
Gradient of scalar product of two vector fields: V(E‘B),
V(A'B), V(A'E), V(A-A), V(E-E), V(B-B)
V(Y-Z)=(Y'V)Z+(Z-V)Y+YX(VXZ)+ZX (VXY). ©)
Substituting (Y =E, Z=B), (Y =A, Z=B), (Y=A, Z=E), (Y
=7Z=B),(Y=Z=A),Y=Z=E), into Equation (9), respectively,
we obtain NEW field equations:
V(E-B)=(E-V)B+(B-V)E+EX(VXB)+BXx(VXE)

=(E-V)B+(B-V)E+EX; (3.23)
V(A-B)=(A-V)B+(B-V)A+AX(VXB)+Bx(VXA)
=(A"V)B+(B-V)A+AXj+AxJE/dt (3.24)
V(AE)=(A-V)E+(E'V)A+AX(VXE)+EX(VXA)
=(A-V)E+(E-V)A-Ax3B/dt+EXB (3.25)
V(A-A)=2(A-V)A+2AxX(VXA)

=2(AV)A+2AXB (3.26)
V(E‘E)=(E-V)E+(E-V)E+ExX(VXE)+EX(VXE)
=2(E-V)E-2Ex (9B/dt) (3.27)
V(B‘B)=(B-V)B+(B-V)B+Bx(VxB)+Bx(VxB)
=2(B-V)B+2BX(VXB). (3.28)

Cross Product: (ExV)-B, (BXV)-E, (AXV)'B, (BXV)-A,
(ExV)-A, And (AxV)-E

EquAtion (10),

(YXV)-Z=Y-(VXZ) (10)

Substituting (Y=E and Z=B), (Y=B and Z=E), (Y=A and
7Z=B), (Y=B and Z=A), (Y=E and Z=A), and (Y=A and Z=E),
respectively, Equation (10) gives the following equations,

(ExV)-B=E:(VxB)=E‘j+E-0E/ot (3.29)
(BxV)-E=B-(VxE)=-B-9B/dt. (3.30)
(AxV)-B=A-(VxB)=A'j+A-0E/0t (3.31)
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(BXV)-A=B-(VXA)=B? (3.32)
(ExV)-A=E-(VxA)=E-B (3.33)
(AXV)-E=A-(VxE)=- A-dB/dt (3.34)

Cross Product: (ExV)xB, (BxV)XE, (AxV)xB, (BXV)XA,
(AXV)XE, And (EXV)xA

(YXV)XZ=YX(VXZ)+(Y-V)Z-Y(V'Z) (11)
Substituting (Y=E and Z=B), (Y=B and Z=E), (Y=A and
Z=B), (Y=B and Z=A), (Y=A and Z=E), and (Y=E and Z=A),
Equation (11) gives new field equations:

(ExV)xB=Ex(VxXB)+(E-V)B-E(V-B) =EXj+EX0E/0t+(E-V)
B

=Exj+(E-V)B (3.35)

(BXV)XE=BxX (VXE)+(B-V)E-B(V-E) =-BxdB/dt+(B-V)

E-pB =-pB+(B-V)E (3.36)
(AXV)xB=Ax(VxB)+(A-V)B-A(V-B)
= AXj+Ax0E/0t+(A-V)B (3.37)
(BXV)xA=BXx(VxA)+(B-V)A-B(V-A)
=(B-V)A+B(d¢p/0t) (3.38)
(AXV)XE=AX(VXE)+(A-V)E-A(V-E)
=-AX0B/0t+(A-V)E-pA (3.39)
(ExV)xA=ExB+(E-V)A-E(V-A)
=ExB+(B-V)A+E(0¢/dt) (3.40)

Electric field and magnetic field created by electric
charge moving with velocity v
(3.2.1). Divergence of cross product of velocity v and
vector fields: V-(vxA), V-(vXE), And V-(vXB)
V-(YXZ)=(VXY)Z-Y-(VXZ) (1)
Substituting (Y =v,Z=A),(Y=v,Z=E),and(Y=vVv,Z=
B), respectively, Equation (1) gives New field equations:

V:(vxA)=(Vxv)-A-v:(VXA)=-v'B. (3.41)
V-(vXE)=(Vxv)-E-v:(VXE)=v-0(B)/0t. (3.42)
V- (vxB)=(Vxv)'B-v(VxB) =-v'j-v-d(E) /0t (3.43)

Where v is particles' average drift velocity.

Curl of cross product of velocity v and vector fields:
VX (vXxA), VX(vXE), VX(vxB)
VX(YXZ)=Y(V-Z)-Z(V-Y)+(Z-V)Y-(Y-V)Z )
Substituting (Y=v,Z=A),(Y=v,Z=E),and(Y=vV,Z =
B), respectively, Equation (2) gives NEW field equations:
VX (vxA)=v(V-A)-A(V-v)+(A-V)v-(v-V)A=v(V-A)-
d(A)/ot. (3.44)

VX (VXE)=v(V-E)-E(V-v)+(E-V)v-(v-V)E=pv-d(E)/dt (3.45)

Vx(vxB)=v(V-B)-B(V-v)+(B-V)v-(v-V)B=-9(B)/0t.
(3.46)

Divergence of product of scalar potential ¢ and velocity v:
V-(ev)
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V- (@Y)=@(VY)+Y (Vo) O]

Substituting Y = v into Equation (7), we obtain NEW field
equation

V-(ev)=@(Vv)+v:(Vo)=v (Vo) (3.47)
Curl of product of scalar field ¢ and velocity v: VX (V)

Vx(@Y)=¢p(VXY)+(Ve)XY. ®)

Substituting Y = v into Equation (8), we obtain NEW field
equation:

VX (@v)=@(VXv)+(Ve)xXv=(Vp) XV (3.48)
Gradient of scalar product of velocity v and vector fields:
V(v-A), V(v'E), And V(v'B)

VY-Z)=(Y'V)Z+(Z-V)Y+YX(VXZ)+Zx (VXY). ©)

Substituting (Y =v, Z=A), or (Y =v, Z=E), or (Y = v, Z=B),
into Equation (9), respectively, we obtain NEW field equations:

V(v-A)=(v-V)A+(A-V)v+vX(VXA)+AX(VXV)

=(v'V)A+vxB (3.49)
V(v-E)=(v'V)E+(E-V)v+vX(VXE)+EX(VXV)
=(v'V)E+vXx(VXE). (3.50)
V(v-B)=(v-V)B+(B-V)v+vXx(VXB)+Bx(VXV)
=(v'V)B+vXx(VXB). (3.51)

Cross Product: (vxV)-A, (vXV)-E, And (vxV)B
(YXV)-Z=Y-(VXZ). (10)
Substituting (Y=v, Z=A), or (Y=v,Z=E), or (Y=v,Z=B),

respectively, Equation (10) gives new field equations,

(vxV)-A=v-(VxA)=v'B. (3.52)
(vxV)-E=v:(VXE)=-v:0B/0t. (3.53)
(vxV)-B=v:(VxB)=v'j+v-0E/0t. (3.54)

Cross Product: (vxV)XxA, (vXV)xE, And (vxV)xB
(YXV)XZ=YX(VXZ)+(Y-V)Z-Y(V'Z) (11)
Substituting (Y=v, Z=A), or (Y=v,Z=E), or (Y=v,Z=B),

respectively, Equation (11) gives new field equations:
(vXV)XA=vX(VXA)+(v-V)A-v(V-A)

=vxB+0A/0t-v(V-A). (3.55)
(VXV)XE=vX(VXE)+(v-V)E-v(V-E)
=vX(VXE)+0dE/dt-pv. (3.56)
(vxXV)xB=vXx(VxB)+(v-V)B-v(V-B)
=vx(VxB)+0B/ot. (3.57)

Electric field and magnetic field created by electric

charge moving with acceleration a

Divergence of cross product of acceleration a and vector

fields: V-(AXA),V-(AXE), And V-(AXB)
V-(YXZ)=(VXY)-Z-Y-(VXZ) (1)
Substituting (Y =aand Z=A), (Y =aand Z =E), and (Y

= a and Z = B), respectively, Equation (1) gives New field

equations:

V-(AXA)=(VXA)-A-A-(VXA)=-A"B. (3.58)
V-(AXE)=(VXA)-E-A:(VXE)=A:(dB/dt). (3.59)
V:(AXB)=(VxA)-B-A:(VxB) =-A+j-A-(0E/0t). (3.69)
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Curl of cross product of acceleration a and vector fields:
VX (AXA), VX(AXE), And VX (AXB)
VX(YXZ)=Y(V-Z)-Z(V-Y)+(Z-V)Y-(Y-V)Z (2)
Substituting (Y =aand Z=A), (Y =aand Z =E), and (Y
= a and Z = B), respectively, Equation (2) gives NEW field
equations:
Vx(AxXA)=A(V-A)-A(V-A)+(A-V)A-(A-V)A

=A(V-A)-(A-V)A. (3.61)
VX (AXE)=A(V-E)-E(V-A)+(E-V)A-(A-V)E

=gA-(AV)E. (3.62)
Vx(AXB)=A(V-B)-B(V-A)+(B-V)A-(A-V)B

=-(A"V)B. (3.63)

Divergence of product of acceleration a and scalar potential
9: V-(9A)

V-(eY)=¢(VY)+Y: (Vo) (7

Substituting Y = a into Equation (7), we obtain NEW field
equation:

V-(9A)=(V-A)+A (Vp)=A(Vo) (3.64)
Curl of product of acceleration a and scalar field ¢: VX (@A)

VX (@Y)=@(VXY)+(Vo)XY. ®)

Substituting Y = a into Equation (8), we obtain NEW field
equation:

VX (pA)=@(VxA)+(Ve)xA=(Vp)xA (3.65)
Gradient of scalar product of acceleration a and vector
fields: V(A-A), V(A‘E), And V(A-B)

VY-Z)=(Y'V)Z+(Z-V)Y+YX(VXZ)+ZX(VXY). )

Substituting (Y =a,Z=A), (Y=a,Z=E), and (Y =a and
Z = B), into Equation (9), respectively, we obtain NEW field
equations:

V(A-A)=(AV)A+(A-V)A+AX(VXA)+AX (VXA)

=(A'V)A+AXB (3.66)
V(A-E)=(A-V)E+(E-V)A+AX (VXE)+EX(VXA)
=(A"V)E+AX(VXE). (5.10)
V(A-B)=(A-V)B+(B-V)A+AX(VxB)+Bx (VXA)
=(A-V)B+Ax(VXB). (3.67)

Cross Product:(AxV)-A, (AXV)-E, And (AXV)-B
(YXV)-Z=Y-(VXZ). (10)
Substituting (Y=a and Z=A), (Y=a and Z=E), and (Y=a and

7=B), respectively, Equation (10) gives new field equations,

(AXV)-A=A-(VxA)=A-B. (3.68)
(AXV)-E=A-(VXE)=-A-d(B)/0t.

(3.69)

(AXV)-B=A:(VxB)=A-j+A-d(E) /ot. (3.70)

Cross Product: (AXV)XA, (AXV)XE, And (AXV)xB
(YXV)XZ=YX(VXZ)+(Y-V)Z-Y(V-Z) (11)
Substituting (Y=a and Z=A), (Y=a and Z=E), and (Y=a and

Z=B), respectively, Equation (11) gives new field equations:
(AXV)xA=Ax(VxA)+(A-V)A-A(V-A)
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=AXB+(A'V)A-A(V-A). 3.71)
(AXV)XE=AX(VXE)+(A-V)E-A(V-E)
=AX(VXE)+(A-V)E-pA. (3.72)
(AXV)xB=AX(VxB)+(A-V)B-A(V-B)
=AX(VxB)+(A-V)B. (3.73)

Electric field E and magnetic field B created by spin S of

electric charge

Divergence of cross product of Spin and vector field:

V-(SxA), V-(SXE), And V-(SxB)
V-(YXZ)=(VxY)-Z-Y-(VXZ) (1)
Substituting (Y =S (Spin), Z=A),(Y=S,Z=E),(Y=S,Z

= B), respectively, Equation (1) gives New field equation

V-(SxA)=(VxS)-A-S-(VxA)=-S-B. (3.74)
V-(SXE)=(VXS)-E-S-(VXE)=S-d(B)/dt. (3.75)
V-(SXB)=(VxS)-B-S-(VXB) =-8+-S-3(E)/at (3.76)

Curl of cross product of Spin and vector fields: VX(SxXA),
VX(SXE), And VX(SxB)
VX(YXZ)=Y(V-Z)-Z(V-Y)+(Z-V)Y-(Y-V)Z 2)
Substituting (Y =S and Z=A), (Y =S and Z=E), and (Y
= S and Z = B), respectively, Equation (2) gives NEW field
equations:

VX (SXA)=S(V-A)-A(V-S)+(A-V)S-(S-V)A

=S(V-A)-(S-V)A. (3.77)
VX (SXE)=S(V-E)-E(V-S)+(E-V)S-(S-V)E
=pS-(S-V)E. (3.78)
Vx(SXB)=S(V-B)-B(V-S)+(B-V)S-(S-V)B
=-(S-V)B. (3.79)

Divergence of product of scalar potential ¢ and Spin S:

V-(¢S)

V-(eY)=¢(VY)+Y: (Vo) (7)

Substituting Y = S (Spin) into Equation (7), we obtain NEW
field equations:

V-(9S)=¢(V-S)+S(Vo)=S(Vo)

Curl of product of scalar field ¢ and Spin S: VX (¢S)
VX (@Y)=@(VXY)+(Ve)XY. ®)
Substituting Y = S into Equation (8), we obtain NEW field

equations:

VX (@S)=@(VXS)+(Vp)*xS=(Vp)XS (3.81)
Gradient of scalar product of Spin and vector fields:
V(S-A), V(S'E), And V(S‘B)

VY-Z)=(Y'V)Z+(Z-V)Y+YX(VXZ)+ZX (VXY). )

Substituting (Y = S and Z=A), (Y =S and Z=E), and (Y =
S and Z=B), into Equation (9), respectively, we obtain NEW
field equation:

V(S-A)=(S-V)A+(A-V)S+SX(VXA)+AX (VXS)
=(S'V)A+SxB

(3.80)

(3.82)

V(S‘E)=(S"V)E+(E-V)S+Sx(VXE)+ExX (VXS)
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=(S'V)E+Sx(VXE). (3.83)
V(S‘B)=(S:V)B+(B-V)S+SXx(VXB)+Bx(VXS)
=(S'V)B+Sx(VxB). (3.84)
Cross Product: (SxV)-A, (SxV)-E, And (SxV)-B
(YXV)-Z=Y-(VXZ). (10)

Substituting (Y=S and Z=A), (Y=S and Z=E), and (Y=S and
Z=B), respectively, Equation (10) gives new field equation,

(SxV)-A=S-(VxA)=S'B. (3.85)
(SxV)-E=S:(VXE)=-S-0(B)/ot. (3.86)
(SxV)-B=S-(VxB)=S-j+S-0(E)/ot. (3.87)
Cross Product: (SxV)xA, (SxV)xE, and (SxV)xB
(YXV)XZ=YX(VXZ)+(Y-V)Z-Y(V'Z) (11)

Substituting (Y=S and Z=A), (Y=S and Z=E), and (Y=S and
Z=B), respectively, Equation (11) gives new field equations:

(SXV)XA=SX(VXA)+(S-V)A-S(V-A)

=SXB+(S-V)A-S(V-A). (3.88)

(SXV)XE=Sx(VXE)+(S‘V)E-S(V-E)

=SX(VXE)+(S'V)E-pS. (3.89)

(SXV)XxB=SX(VXB)+(S-V)B-S(V-B)

=Sx(VxB)+(S-V)B. (3.90)
Summery

In Section 3, we show that the vector calculus identities are
powerful tool in re-deriving existing physical laws, and in
discovering novel physical laws. We rederived mathematically
the following existing physical laws by the vector calculus
identities:

1. Poynting's Theorem;

Gauss's Law for Magnetism;

Charge density Continuity equation;

bl o

Wave equations of potentials ¢ and A, electric field E,
magnetic field B;

Faraday's Law of Induction;
Time changes of energy density of the magnetic field;
Time changes of energy density of the electric field;

% N o »

Energy density of the magnetic field.

Also in Section 3, applying the vector calculus identities,
we further mathematically derived/proposed many new
field equations of both electric fields and magnetic fields
with sources moving at velocity v, acceleration a, and spin
S, respectively. The new field equations need to be tested
experimentally.

Classical Gravity to Gravitoelectromagnetics

Newton Gravitational field g to Gravitoelectromagnetic
field gand B,

n Section 4, let Y and Z represent either gravitoelectric field
g, or gravitomagnetic field B,, or vector gravitation potentlal
A " respectively, and 9, is scalar gravitation potential in
Equatlons (5)to Equatlon (8). Then substituting g, B Ag and
¢, into vector calculus identities, we obtain the field equatlons
respectlvely
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Newton Gravitational field, g, is created by static gravitational
charge density P, (mass density), as shown by Equation (4.1a):

V-g=-p,. (4.1A)

V-E=p_e. (4.1b)

Equation (4.1b) is the Coulomb law of the electric field,
which has the exactly same form as that of Equation (4.1a).
This similarity between the two suggests us to study the effects
of a moving gravitational charge density p, V-

Substituting (Y=v, Z=g) into Equation (2) of Vector Calculus
Identity,

VX(YXZ)=Y(V-Z)-Z(V-Y)+(Z-V)Y-(Y-V)Z 2)

we obtain

V><(V><g)=-pg v-dg/ot. (4.2)

Comparing Equation (4.2) with Ampere-Maxwell law
(Equation (4.3),

VxB=p_e v+0JE/0dt, (4.3)

we propose that Equation (4.2) shows that the mass
current p_ v creates the grav1tomagnet1c field B, where the
gravitomagnetic field, B, , 1s defined as,

B =-vxg. 4.4)
Then Equation (4.2) becomes

VxB,=],+dg/ot. (4.5)
Jg=pg V.

Following  the electromagnetics let define the

gravitomagnetic field B, in term of the graV1tat10n vector
potential Ag and define ‘the gravitational field g in terms of
the gravitational vector potential A and the gravitation scalar
potential 0,

g—VxA (4.6)
=-Vo-0A,/ot. 4.7)
Equation (4.6) and Equation (4.7) give,
V-B,=0, (4.8)
Vxg=-0B,/ot (4.9)

Equation (4.1a), Equation (4.5), Equation (4.8) and Equation
(4.9) are Maxwell-type equations for gravity field.

Note: by introducing the definition of the g field, Equation
(4.7), Equation (4.1a) leads to the wave Equation (4.1c) of the
scaler gravitation potential 9,

V-g=-V"2 ¢, +(0"2 ¢,)/(0t"2 )=-p,,. (4.1¢)

Next, we study the gravitoelectric field g and gravitomagnetic
field B, further in the same way of studying the electric field E
and magnetlc field B in Section 3.

Divergence of cross product of vector gravitation fields:
V-(gxB,), V:(A,XB,), V-(Agxg)

V-(YXZ)=(VXY)-Z-Y-(VXZ) 1)
Poynting-type Gravitation Theorem

Substituting (Y =g, Z=B ) Equation (1) gives Poynting-
type Gravitation Theorem:

V-(gxB, )=-gij,1/2 3(g*+[B,]* )/t

Where V><Bg=jg+(6g/8t) and jg=pg V.
New gravitation field equation

Substituting (Y=A ,Z=B ) and (Y=A_, Z=g), respectively,
Equation (1) gives NEW grav1tat10n ﬁel(f equation:

V-(A,XB,)=B"2-Aj,-A,(0g/0t).

(4.10)

(4.11)

V-(A,xg)=gB,+ A, (0B,/0t). (4.12)
Equation (4.11) represent the energy of magnetic field. In
electromagnetics, the term “E-B” is the Lorentz invariant.
Similarly, the term, “g~Bg”, of Equation (4.12) is Lorentz
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scalar invariant.

Curl of cross product of two vector gravitation fields:

VX (gxB,), VX(A,XB, ), And VX(A xg)
VX(YXZ)=Y(V-Z)-Z(V-Y)+(Z-V)Y-(Y-V)Z 2)
Substituting (Y=¢g,Z=B),(Y=A_,Z=B),and (Y =A,

Z = g), respectively, Equatiofgl 2) give§ ‘ ‘
NEW gravitation field equations:
Vx(gxB,)=p,B,+(B,V)g-(gV) B, (4.13)
Vx(AxB,)=B, (VA )+(B,V)A-(AV)B, (4.14)
VX(Axg)=-p,A-8(V-A)H(EV)A-(A, Vg (4.15)

Divergence of Curl of vector gravitation field: VXY
V-(VxY)=0 3)

Gauss-type Law for Gravitomagnetics (1)

Substituting Y = A, Equation (3) gives Gauss-type Law for
gravitomagnetics:

V-(VxA,)=V-B,=0 (4.16)

Equation (4.16) mathematically indicates no gravitomagnetic
monopoles.

Gauss-type Law for gravitomagnetics (2)

Substituting Y = g, Equation (3) gives:

V-(Vxg)=0 (4.17)
Substituting Equation (4.9) into Equation (4.17), we obtain:
V:(Vxg)=V-(-0B,/0t)=-0/0t (VB )=0. (4.18)
Equation (4.18) has two solutions:

1. The gravitomagnetic field B_ is a constant field:
OB /0t=0.

2. Gauss-type Law for gravitomagnetics
V-B, (H)=0.

Gravitition-Charge Density Continuity Equation
Substituting Y = B, Equation (3) gives:
V-(VxB,)=0 (4.21)
Substituting Equation (4.5) into Equation (4.21), we obtain

the Gravitation-charge Density Continuity Equation,
V-(VxB,)=V"],-0/dtp,=0 (4.22)

Curl of curl of vector gravitation field: wave equation
Vx(VxY)=V(V-Y)-V2Y 4)

Wave equation of vector gravitation potential Ag
Substituting Y = A, Equation (4) gives:

(4.19)

(4.20)

V><(V><Ag )=jg+6/atg (4.23A)
and
V(V-Ag )-V2 Ag=6/6t g+0%/(0t?) Ag-V2 Ag (4.23B)

Combining Equation (4.23a) and Equation (4.23b), we
obtain wave equation of vector potential Ay

0%/ (0t?) Ag-V2 A=), (4.23¢)
Wave equation of gravitoelectric field g

Substituting Y = g, Equation (4) gives

VX (Vxg)=-0/0t jg-az/(atz) g (4.24A)

And

V(V-g)-V? g=Vpg-V2 g (4.24b)

Combining Equation (4.24a) and Equation (4.24b), we
obtain wave equation of gravitoelectric field g,

0?%/(0t?) g-V? g=-6/6tjg-Vpg (4.24c¢)
Wave equation of gravitomagnetic field Bg

Substituting Y = B, Equation (4) gives

Vx(Vng )=V><jg-82/(6t2) B, (4.25A)

And
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V(V'B, )-V2 Bgz-V2 B, (4.25b)

Combining Equation (4.25a) and Equation (4.25b), we
obtain wave equation of B,

0?/(0t?) Bg-V2 B,=Vxj, (4.25¢)
Divergence of Gradient of scalar field: wave equation of
gravitation scalar potential 9,

V-(Vp)=V?¢ (5)
Substituting the definition of gravitoelectric field, g=-Ve,-
olot A, into Equation (5). We obtain wave equation of

gravitation scalar potential 0,

V-(V(pg)=pg+62/(6t2) (pg=V2 ®, (4.26A)
i.e.,
0%/(0) @,-V* @ =-p,. (4.26b)

Curl of Gradient of gravitation scalar field: Faraday-type
gravitation Law of Induction

Vx(Vep)=0 (6)

Substituting the definition of the gravitoelectric field,g=-
chg-OAg/ dt, into Equation (6).

We obtain Faraday-type gravitation Law of Induction:

Vx(chg)=-VXg-6Bg/6t=0. (4.27a)
ie.,
Vxg=-0B,/ot. (4.27b)

Divergence of product of gravitation scalar potential 9,
with gravitation vector potential Ag, gravitoelectric field g,
gravitomagnetic field B, respectively
V- (@Y)=@(VY)+Y (Vo) )
Substituting Y = Ag, Y =g, and Y = B_ into Equation (7),
respectively, we obtain NEW gravitation fleld equations:

V- (@, A)=0, (VA )+A,(Vo,) (4.28)
V-(¢,8)=-p, 9,18 (Vo,) (4.29)
V-(¢,B,)=B,(Vop,) (4.30)

Curl of product of gravitation scalar potential 9, and
vector gravity field: Ag, g B,
VX (@Y)=@(VXY)+(Ve)XY. (8)
Substituting Y = Ag, Y =g, and Y = B_ into Equation (8),
respectively, we obtain NEW gravitation fleld equations:

Vx(¢, A, )=¢, B +(Vo, XA, (4.31)
VX (@, 8)=-¢,0B /ot+(Vp, )xg (4.32)
V><((pg B, )=]g @, to, 6g/0t+(V(pg )ng (4.33)

Gradient of scalar product of two gravitation vector fields:
V(gB,), V(A,;B,), And V(A,8)
VYZ)=(YV)Z+(Z-V)Y+YX(VXZ)+ZX (VXY). (9)
Substituting (Y =g, Z=B ), (Y = Ag, Z:Bg), (Y:Ag, 7=g),
(Y=2=B),(Y=2=A), (Y=Z=g), into
Equation (9), respectively, we obtain NEW gravitation field
equations:

V(gB,) =(g'V) B,+(B,V)g+gx], (4.34)
V(A;B)=(A,V) B+(B,V) A +A X] +A xdg/ot (4.35)
V(A,;8)=(A,V)g+(gV) A -A X0B /ot+gxB, (4.36)
V(AA,) =2(A;V) A +2A XB, (4.37)
V(g'g) =2(g'V)g-2gx(0B,/0t) (4.38)
V(B,B,) =2(B_V) B+2B,X(VXB,). (4.39)

Cross Product: (YXV)-Z

Equation (10),

(YXV)'Z=Y-(VXZ), (10)
gives the gravitoelectromagnetics field equations.
Substituting, respectively, (Y=g, Z=Bg), (Y=Bg, 7=g),
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(Y=A, Z-B)), (Y=B, Z=A), (Y-¢,
Z=A), and (Y=A, Z=g), Equation (10) gives new
gravitation field equations:

(ng)-Bgzg-]g+g-6g/8t (4.40)
(B,xV)-g=-B_0B /ot. (4.41)
(A,XV)'B,=A ] +A -dg/ot (4.42)
(B_xV)'A =B 2 (4.43)
(gxV)A =g B, (4.44)
(A xXV)g=-A 0B /ot (4.45)
Cross Product: (YXV)XZ
(YXV)XZ=YX(VXZ)+(Y-V)Z-Y(V-Z) (11)

Substituting (Y=g, Z:Bg), (Y:Bg, 7=g), (Y:Ag,
Z=B), (Y=B,, Z=A)), (Y=A,, Z=g), and
(Y=g, Z=A)), Equation (11) gives new gravitation field
equations:

(8xV)xB, =gx] +(g'V) B, (4.46)
(B, xV)xg=-pB,+(B,V)g (4.47)
(Ang)ng=Agx]g+Ag><6g/6t+(Ag-V) B, (4.48)
(B,xV)xA =(B,V) A +B, (09 /0t) (4.49)
(A xV)xg=-A X0B [0t+(A,V)g-pA, (4.50)
(8xV)xA, =gxB,+(B,V) A, +g(d¢,/0t) (4.51)

In Section 4.1, we have mathematically derived physics
laws which have the same forms of electromagnetic laws:

(a) Poynting-type gravity Theorem

(b) Gauss-type Law for gravitomagnetism

(c) Gravitition-Charge density continuity equation

(d) Faraday-type gravitation Law of Induction

(e) Wave equation of gravitation vector potential A,
gravitoelectric field g and gravitomagnetic field B

(f) Energy density of time change of the gravitoelectric field

(g) Energy density of time change of the gravitomagnetic
field

(h) Energy density of the gravitomagnetic field
We also derived several new physical laws of gravity.

Gravitoelectric field and Gravitomagnetic field created
by velocity v of gravitation mass-charge

We study how Newton gravity field g of rest mass goes to
Gravitomagnetic field B, of moving mass
Divergence of cross product of velocity v and gravitation
vector fields, Ag, g, Bg

V-(YXZ)=(VXY)'Z-Y-(VXZ) (1)

Substituting (Y =v, Z = Ag), Y=v,Z=g),and (Y =V, Z
= Bg)3 respectively, Equation (1) gives New gravitation field
equations:

V-(V><Ag )=-V'Bg. (4.52)
V-(vxg)zv-aBg/at. (4.53)
V-(V><Bg ) =-V-]g-v-6g/6t (4.54)

Curl of cross product of velocity v and gravitation vector
fields: Ag, g, Bg
VX(YXZ)=Y(V-Z)-Z(V-Y)+(Z-V)Y-(Y-V)Z (2)
Substituting (Y=v,Z=A),(Y=v,Z=g),and (Y =V, Z =
Bg), respectively, Equation (5) gives Maxwell-type gravitation
field equations:

VX (VXA )=v(V-A, )-0A /ot. (4.55)
Vx(vxg)=v(V-g)-0g/dt (4.56)
VX(vxB )=v(VB,)-0B,/ot. (4.57)

Equation (4.56) and Equation (4.57) are perfect dual to each
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other.

Let us introducing the definitions of gravitomagnetic field B,
and gravitoelectric field g:

B =-vxg. (4.58)

g=vxB, (4.59)

Then Equation (4.56) and Equation (4.57) can be written as:

VXB,=p, v+ag/ot (4.60)

Vxg= -0B,/ot. (4.61)

Equation (4.60) and Equation (4.61) have the same form
as that of Ampere-Maxwell equation and Faraday equation,
respectively:

VxB=p_e v+0E/0t,

VXE= -0B/ot.
Gradient of scalar product of velocity v and gravitation
vector fields: V(Y-Z)

VY-Z)=(Y'V)Z+(Z-V)Y+YX(VXZ)+ZX (VXY). )

Substituting (Y = v and Z:Ag), or (Y =v and Z=g), or (Y =
v and Z=Bg), into Equation (9), respectively, we obtain NEW
gravitation field equations:

V(V-Ag )=(v'V) A +vxB,

V(v-g)=(v'V)g+vx(Vxg).

V(v-Bg )=(v'V) Bg+v><(V><Bg ).
Cross Product: (YXV)-Z

(YXV)-Z=Y-(VXZ). (10)

Substituting (Y=v, Z:Ag), or (Y=v,Z=g), or (Y=v,Z=B),
respectively, Equation (10) gives new gravitation field
equations,

(4.62)
(4.63)
(4.64)

(VXV)'AgZV'Bg. (4.65)
(VXV)-g=-V-6Bg/6t. (4.66)
(VXV)-Bg=v-]g+V-6g/6t. (4.67)
Cross Product: (YXV)XZ

(YXV)XZ=YX(VXZ)+(Y-V)Z-Y(V'Z) (11)

Substituting (Y=v, Z:Ag), or (Y=v,Z=g), or (Y:V,Z:Bg),
respectively, Equation (11) gives

new gravitation field equations:

(vxV) XA, =VX Bg+0Ag/6t-v(V-Ag ).

(vxV)xg =vx(Vxg)+0dg/dt-p,v. (4.69)

(va)ng =VX (Vng )+6Bg/6t. (4.70)

Gravitoelectric field and Gravitomagnetic field created

by acceleration “a” of gravitational-charge

Divergence of cross product of acceleration “a” and

gravitation vector fields: V-(YXZ)
V-(YXZ)=(VxY)-Z-Y:(VXZ) 1)
Substituting (Y =a,Z=A), (Y=a,Z=g),and (Y =a,Z

= Bg)3 respectively, Equation (1) gives New gravitation field

equations:

(4.68)

V-(AXA )=-A'B, (4.71)
V-(Axg)=A:(9B,/0t). (4.72)
V-(AXB,) =-A7] -A-(9g/0t). (4.73)

Curl of cross product of acceleration “a” and gravitation
vector fields: VX (YXZ)
UX(YXZ)=Y(V-Z)-Z(V-Y)+(Z-V)Y-(Y-V)Z )
Substituting (Y = a, Z = A), (Y=a,Z=g), and (Y=a, Z
=Bg), respectively, Equation (2) gives NEW gravitation field
equations:

VX (AXA,)=A(V-A,)-(AV) A,
V><(A><g)=pg A-(A-V)g.

(4.74)
(4.75)
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VXx(AXB,)=-(A"V) B, (4.76)
Equation (4.75) shows that an accelerating gravity-charge,
p,a, creates a gravitomagnetic-type field, axg.
Gradient of scalar product of acceleration a and gravitation
vector fields: V(Y Z)
VY-Z)=(Y'V)Z+(ZV)Y+YX(VXZ)+ZX (VXY). 9
Substituting (Y = a, Z = Ag), (Y=a,Z=g),and (Y = a,
Z = Bg), into Equation (9), respectively, we obtain NEW
gravitation field equations:

V(AA )=(AV) A +AXB, (4.77)
V(A-g)=(AV)g+AX(VXg). (4.78)
V(AB,)=(AV) B, +AX(VXB,). (4.79)

Cross Product: (YXV)-Z
(YXV)-Z=Y-(VXZ). (10)
Substituting (Y=a, Z=A)), (Y=a,Z=g), and (Y=a,Z=B,),
respectively, Equation (16) gives new gravitation field
equations,

(AXV)-A =AB,_ (4.80)
(AxV)-g=-A-d(B,)/0t. (4.81)
(AXV)-B,=A‘] +A-3(g) /ot (4.82)

Cross Product: (YXV)XZ
(YXV)XZ=YX(VXZ)+(Y'V)Z-Y(V-Z) (1D)
Substituting (Y=a, Z=A), (Y=a,Z=g), and (Y=a,Z=B),

respectively, Equation (li) gives new gravitation field

equations:

(AXV)xA =AXB_+(A-V) A -A(VA ).
(AXV)xg =AX(Vxg)+(AV)g-p_A. (4.84)
(AXV)xB =AX(VXB,)+(AV) B, (4.85)

Gravitoelectric field g and gravitomagnetic field B,
created by Spin S of gravity-charge
Divergence of cross product of Spin and gravitation
vector field: V-(S><Ag ), V:(Sxg), V-(Sng)
V-(YXZ)=(VXY)-Z-Y-(VXZ) (1)
Substituting (Y=S,Z = A). (Y=S8,Z=g), and(Y=S,Z=
B), Equation (1) gives New gravitation field equation

(4.83)

V-(SxA )=-SB, (4.86)
V-(Sxg)=S-0(B,)/0t. (4.87)
V-(SxB,) =-S] -S-0g/ot (4.88)

Curl of cross product of Spin and gravitation vector fields:
VX (YXZ)
VX(YXZ)=Y(V-Z)-Z(V-Y)+(Z-V)Y-(Y-V)Z 2)
Substituting (Y=S,Z=A),(Y=S,Z=g),and(Y=S,Z=
B,), Equation (2) gives NEW gravitation field equation:

VX(SXA )=S(V-A )-(SV) A, (4.89)
Vx(Sxg)=p, S-(SV)g. (4.90)
VX(SxB,)=-(S-V) B, 4.91)
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Divergence of product of gravitation scalar potential ¢

and Spin S
V- (V)= (VY)+Y (Vo) (7)
Substituting Y = S into Equation (7), we obtain NEW

gravitation field equations:

V-(¢,9)=5(o,)

Curl of product of scalar field ¢ and Spin S
VX (@Y)=@(VXY)+(Ve)XY. (®)
Substituting Y = S into Equation (8), we obtain NEW

gravitation field equations:

VX (@, $)=(Ve,)xS (4.93)
Gradient of scalar product of Spin and gravitation vector
fields: V(S'A, ), V(S'g), And V(S'B,)

VYZ)=(Y'V)Z+(Z-V)Y+YX(VXZ)+ZX(VXY). 9

Substituting (Y =S, Z:Ag), (Y=S,Z=g),and (Y =15, Z:Bg),
into Equation (9), respectively, we obtain NEW gravitation
field equation:

g

(4.92)

V(S'A,)=(SV) A +SXB, (4.94)
V(S8)=(S'V)g+Sx(VXg). (4.95)
V(S'B,)=(SV) B+SX(VXB,). (4.96)

Cross Product: (YXV)-Z
(YXV)-Z=Y-(VXZ). (10)
Substituting (Y=S, Z=A)), (Y=S,Z=g), and (Y=S,Z=B,),
respectively, Equation (16) gives new gravitation field
equation,

(SXV)-A =SB, (4.97)
(SxV)-g=-5-0(B,)/0t. (4.98)
(SXV)-B_=S"j,+5-0(g)/0t. (4.99)

Cross Product: (YXV)XZ
(YXV)XZ=YX(VXZ)+(Y-V)Z-Y(V'Z) (11)
Substituting (Y=S, Z=A), (Y=S,Z=g), and (Y=S,Z=B,),

respectively, Equation (li) gives new gravitation field

equations:

(SXV)XA =SXB_+(S-V) A -S(VA ). (4.100)
(SXV)xg=SX(Vxg)+(SV)g-p,S. (4.101)
(SXV)XB, =Sx(VxB_)+(SV) B, (4.102)

Summery

In this article, we show that the vector calculus identities
are powerful tool in both rederiving the existing physical law,
such as Maxwell equations, and discovering ssnew physical
laws.

The mathematically derived new physical laws need to be
tested experimentally.
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